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Trf^LEVIiCIVITA TENSOR 0 
AND IDENTITIES IN VECTOR ANALYSIS 



1, INTRODUCTION 



& * 

Vector analysis plays a key -role in -many* branches 
* of, engineering and physixaj. scien/es. fn* electromagnetic 
theory and in fluid mechanics, for example, we often use 
vector identities such" as- ' 

Ax(SxC) = (A-C)B - (A-B)C, 

arfd vector field identities sucju as ^ 

Vx(VxiJ) = v(vju) - v 2 u. 

m In many textbooks on vector analysis and physics, 
proofs of identities are either very difficult or simply 
omitted. This situation is also encountered" when we 
learn qufentum Afield theory , where four-dimensional 
vectors appears The problem is not that we are* unable* to 
^!earn the identity itself, because we can always accept 
the result without 'proof ; t-he more serious«> consequence 
is an inability to derive a new' result when tfre need 
arises" v • * 

In this unit we study a systematic way to derive 
these identities-, and we establish "machinery 1 *? that makes 
such derivation^ routine task. Three-dimensional^ 
vectors and vector ffelds are studiefc in detai£, and a 
brie^indi cation of the extension to four dimensions is 
also- included,. ' * * 

We note that this^ is, not an "applications unit 11 ; 
the .primary objective is to provide science, engineering 
and mathematics students w'vth a powerful means of* 
deriving vector and-vector field identities. The skills 
that you gain shfould be valuable to you in the practice 
of applied mathematics.- , 



THEKRONECKER-6* 



We consider three-di mensio nal vecto rs in the m 

rectangular xyz -coordinate sys/tfcm. Let us denote the ' 
unit vectors along the coordinate axes by e- > e 9 ,-<L\' 
(These vectors ane ctften tienoted by i, j, k, rpspectisvely . ) 
Then, any vector A = (A 1 ,A 2 ,A 3 ) may. be. expressed as- 

. (2.1). . A .. A^ * A^^, A3;; = I A.%.. ' ' 

.'The vectors % i , i = 1,.2,3, all- have length one, 
and they are pairwise orthogo'nal . , These properties ctm 
be expressed in terms of the scalar (or dot) product, as ] 
.follows: for i,j = .1,2,3 we have 



(2.2) 



e.e. 



0, if i~f j;.- 

1, if'i = j. 



. The right-harfd side of Equation K2.2) can be written^ 
in more convenient, form by means^of jgie Krpnecker-^. - • 
This useful-device is a function which is defined on two 
indices i,j by the formula^ ' . \_ 



(2.3) 



ij 



0, - if i t j; 

1, df i .= j . 



,For example/ 6 13 = 0 and 6^ = £ 



Using the Kronecker-$, we may rewrite Equation {2.2) 
in the shorter form 



(2.4) 



e.-e. 



Recall that for any two vectors 



i = l 1 1 



and B 



*Read "Kronecker-delta. " 



tfce scalar product is given by 



(2 



,5), A 4' = I A.B. . 

i=l } x 



i 



\ 



* life may ^Uso express A-B in terms* of tiie^Kron^cker-6: 

applying basic propertied, we first"*find 

• ■ • -a 



•A-B 



i-i 1 1 



3=i J 



. i=l i=U 1 3 1 3 



3" 3 
1=1 

» Then using Equation (2,4) .we obtain 

. (2/6) .A-B * f 1 f A.B.6... 

• - i=l j=l 1 J 2 J 



D > Exercises 

1. Show^thak for any i',j we have 



(This equation, although very easy to -establish, is numbered for 
reference, later on.) * I 

a. Uae the defining relation (2,3) tro verify' that for i « 1,2,3 

** We have B i = B 1 6 ) U + B 2 6 i2': f B 3 6 i3 • ' • \ 

t- " - 

b: Substitute f the expression for in part (a) iato Equation 
(2.5)^to obtain an alternate derivation of Equation^. 6) . * 



3,, PERMUTATIONS 



4 We recall briefly some ■'basic concepts associated ' 
with permutations. Thes^ideas will then be' used to 
define the funrfamentarf^oncept of this module, the Levi-;, 
CiVita tensor. • ♦ 



ERiC 



*3 



A permutation of the, integers l,2,...,n is jfli 
arrangement (or ordering) of these numbers. m A permuta- 
tion may be regarded mathematically as a one-to-ojie 
function of the set {1,-2,... ,n} onto itself. In 
describing a permutation, we usual'ly omit all commas 
separating the integers, and simply write them in the 
order* SJ/the arrangement . - Thus*; 'for n .= 3 there are six 
possible permutations: ' 

123, 231', 312, 213, 321, 132> 

, "The permutations 123, 231, 312 are called even - 
permutations, while 213, 321, 132 are called odd permuta- 
tions. These, najnes are^ associated with the number o^ 
pairwise exchanges needed to obtain 'the given permutation 
from the natural ordering 123. For example, 231 can be 
obtained from 123 by two exchanges: cjfirst exchange I. 
and l 2 t0 obtain 213, then*<exchange 1 and 3 to obtain 231. 
Thefe exchanges may be represented as follows: * 

' 1. 2 3 - 2 1 3 * 2 3 i. • 

Since 231 can be obtained from >23 by two* exchanges and ' 
two is, an even number, we call 231 an sven permutation. 

' In a similar way we may illustrate that '312 is an* 
even permutation i . 

• * 

.-.1 2 3 1 3*2 -> 3*1 2. 

There ^re two interchanges involved, so- 312- is j&ven . The* 
permutation 123 is eveji because the number of exchanges 
required to obtain 123 from 123 is zero, and'zero is. an 
even number. * ... - 

4 

* * 

The odd permutations can be described - in a similar 
way : - • t - • 

■ • V i 

*Read "one-two -three, two-three-one, three-one-two," etc. - 



1 £j - 1 3. 2 (l««|,„' 8 e) 
12 3.2^3 , • ' , • , (1 exch - Mg ' e) 



C 2 3 *" 2 (j * 0- 1 - 2* fe exchanges) 




3 ? 1 * * ' (1 exchange) 

• \ * 

An easy way to determine whether a g!ven permutation 
..is^even or odd .is to write, out the permutation and -then 
w rite-the' natural arrangement directly below kt; Then 
connect correeponding numbers ^in these two arrangements 
>rih line segments, and count 'ttfe number of intersections 
between pairs of these segments; If this number is even, 
then the given' permutation is even; otherwise it is odd. 
(See- Figure 1.)- The reason^this scheme- is valid is that 
^each pairwise exchange corresponds to an intersection of ' 
•two of the lines. ' 

. . ' x : . ? 3 \ v 1 2 F • 




a * ^ oi ^ er 3ectiotis; Three intersections; 

231 is^evetu . # \ \ 321 is od d. * * 

/ 7 • ' ' 

Figure 1. A geometric scheme f or determining v whether a 
given permutati6n^is even or odd. (By careful! The inter- * 
. sections in (b) could all, occur at oneXpolnt— remember we* > 
* ^ are counting intersections of pairs of *&nes.) 

^~ H 1 £ A. 1 - : 

Exercises £ ' 

3. Determine, whether the peifmutatjon 4231 of the Integers 1,2,3,4" is 

* even or odd by: ' \ 

^ a. counting int^gers^ ' *"* * , \ 

b. using intersections of , lines '(the scheme depicted in » 
Figure 1). * \ . 



4. THE LEVI -CI VITA TENSOR 



m .We are now in a position to present the central 
concept of this module, the, Levi-Ci^ita tensdr. This 
tensor is a function of three indices i,i,* which is 
related* to^the vector (or cross) product in much the *same 
way as^ the Krone^er-6 is a function of two indices i,j 
^hich is related to the scalar product. 

^ The* vector^product relations among the basis vectors 
e l' e 2' e 3 are 'kiven by:.r 

/' • 
5 0, 



,e 2 



= ~e. 



>V careful" examination^ the relations ir\ (4.1) repeals* 
some patterns that turn out to be most useful. ' In the 
first* line, the'tfo) indices ^'thaV appear iif'any^one of the" 
three equations are identical. m In the se\>nd line*, the 
indices are arranged 123, 231/-5r2 ih the three equations; 
*in the third line .they are arranged 2J3, 321, 1 3*2 . These 
observations lead to a formulation of*- the Levi-Ciyita 
tensor,* wnicti is* the function of three indices i, j* k- 
defined by " - • * * 



4 


-> 

?i 


xe, = 0, 


e 2 xe 2 


= 0, 


l 3 X 


-> 


*(4-.l) *. ■ 


-* 

e i 




,e 2 xe 3 


= 4 1' 

* 




-> 

e l 




-> 

, 6 2 


■ 1 e 3' 


1 

e s .x e 2 


* -e - 
e l' 


e^ x 


-> 

e 3 



0, if- two or more*o£-£he indices i, tj, k are equal; 

1, if ijk is an even permutation of ^23; 
-1, if ijk is an odd permutation of 123. \ ' 



(4.2Ke- ., = 
ijk 

For example, ^ = ft, e 333 - fQt B = 1, e 



215 



"hi e 



132 



-1. 



231 



1, 



•*Strictly speaking /what we define here is a tensor component. 
The Levi-Civdta tensor is a collection ,of these components, just as 
a vector is a collection *of its components. 'However, we shall use 
the term "tensor" instead of "tensor component" for simplicity. ♦ 



\ 



Using the , t Levi-Ci Vita tensor,, we may summarize* all 
the rel-atiortfe in* '(4.1) -in a single equation: / 

* (4.-3DV t^t * Jor ij. =-.1,2,3. . 

' fc — : ^ ' ■ v ' \ ^ L 

E^rcises * , * 

. 4. 'Substitute the values 1,2, 3 i,j in Equation (4.3) to. obtain' 
the nine relations in (4.1) . , " 

5. Show that for any given i,j,k we have 



Recall that in Section 2 we obtained the expression 
- * 3 3 



i=l j=l 1 3 13 



t 

for the scalar product an terms of 6^. . In a similar 
t way y we can express the vector product in terms of e i - k : 
^ :dpplying basic properties, we first find 



Ax B 



Then using Equation (4.3) we obtain , : ' 



\(4.6) 



.'33 3 



A* B 



I 1 J A i B i e iiA^ 

i*l j=l k=l 1 3 a ^ K 



^ Exercises- •'•_«. ■ * r ' 

6 * F ^ the vectors^ - 2e a r e^+. 3e 3 , B - 3^ '+ 4e 2 -f e 3 , substi-/ 
vv.s'" ,tUte the a PP r °P riate values into Equation (4*6) aru* simplify.. 

Check your result by using another method (such as representation- 
v by a determinant) to find Ax t 



5, A USEFUL NOTATIONAL CONVENTION , , ' 

At this^iroint^we Introduce a convention to simplify 
our : .mathematical- writing. The reason for this device is 
to reduce the number of summation symbols we." must write.. 
(Just look*. at Equation ,(4.6)1) 

| We first note that in several equations above, for 
e^Hple. (2.6), ('4.3) and (4.6), the indices over which 



we sum^Tr.e., the dummy indices') appear twice. ( \ie adopt 
the -contention that whenever an index- -appears exactly 
ttftce jfagn expression*, it will be a dummy index, and| we ^ 
must sum oh this index over the appropriate values.. < For 
three-dimensional vectors, the appropriate range of values 
is from 1 to 3 . 
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Example 1 . To interpret the" notation A^b,. , we- note 
that the subscript j appears exactly twice > 50 under our 



convention we have 

«. • 

•■ ' *IJ b J Mil b l +A i2 b 2 + A i3 b 3- 

That is 1 ,' we sum on j over the range^r^m 1 to 3. The 
notation A^b^ has the same meaning: > « 

A ik b k = A il b l. + A i2 b 2 + A i3 b 3^ . ' . 

dnly^ke index 0^ summation, is changed, not the sum ■ ^ 
itself. \ . 

^ . Example 2 . We may rewrite , several results fr on^ the 
text above in much*.shorter firm: "^Equations (2*5), '(2.6), 
,C4'.3) and' (4.16)' become, respectively, 

(5.1) % A;B^'a.B^ \ * 

(5.2) ■ -A-B - Aj-B^v'; 

(5.40 .AxB^A ;i B. £ijk l k . ; ' 



* The final relation in Example 2 may also be given' by 
specifying the kth component of AxB: 

{5.S) (A x B) v » A-B.e. 

* > 
The next exercises check skills* and present results' 
that are* necessary in the remainder 'of this module. 
"'Make "s'u're' that you understand these exercises clearly 
before going on; if necessary, refer to the solutions in 
Section 11. m . ; 

Exer cises > 

. * 

7. Verify the following relations: ^ 



. (5.6) 






) 


(5.7)' 








< (5.8) 

• 




0 




• (5.9) 


: Vji = 6 ii 


= 3; 

* * ' 




(5.10) 


■ 6 ij 6 jJl = hi 


(i'and £ are arbitrary but 
ticular, "they may have the 


fixed; in par- 
same value) . 



8. Show that*the ith component of B x c is: 
(5.U) (BXCJ^B^: ( 

9. Prove the following relations: % 
a*. for scalar triple products we have 

b. for vector triple .products we have * 

(5.13) [Ax ft (BxC)L - A.B.C e...X 0 . 

i j £ m ijk kirn 



RELATION BETWEEN THE KRONECKER- 6 'AND 
THE LEVI-CIVITA TENSOR ^ 



By checking directly in the definition of the Levi- 
Civita tensor, Equation (4.2), we can' establish tha* for 
i*j,k = 1,2,3 we have „ % 



(6.1) 



-ijk 



6 ii 



i2 

.6 



6., 
i3 



jl - u j2 u j3- 



J kl 



D k2 .°k3 



«il 

« 

6., 
i2 



a jl 6 kl 



6., 



°k2 



3 i3 °j3 °k3 



then.e ijk 



0, and both determi- 



For example, if i = j , 

nants in Equation (6.1) also equal zero-; the firs^t 
because two rows are identical, the second because two 
columns are identical. Ifi = l, j='2, k = 3, then 
e ijk = ? 9 and both - det erminants in Equation (6.1) also 
equal one,»-5ince both reduce* to 

■ >• • ' 



0 



Finally, an even .permutation of the indices corresponds 
to an etfen permutation of the^rows (columns) of the * 
determinant (6.2), so in this case both siijes of (6.1)\ 
equal one ; ^ind" an odd ^permutation of the indices cor-' 
resportds to, an odd. permutation of the rows (columns) of 
(6.2), so ill this case- both-sides of (6.1) equal 
For example, • * *" ^ 

1 



0 
1 

ok 



since both si<fes.-equal > -1 . . Thus, we have established 
Equation (6.1). 



NexjL* we derive a seoond, and very important, rela- 
tion be.^ten the JCronecker-6 and^the Levi-Civita tensor. 

j ,k,A,m * ,1,2 ,.3 we have ' \ ' . 

(6-3) 



For example, 



£ i23 e i32 = e J23 e 13'2 + & 223 £< 2S2 + e 323?332 = 



and 



6 23 6 32 6 22*33 



; 1. 



-which verifies' Equation (6.3) for the values j = 2- k = 3 
I = 3, m .= 2. 

. To establish Equation.. (6 . 3) , apply Equations ^6 . 1) * 
x and (2.7) to obrain 



(6,4) 



e ijk € i£m 



«il 


6.- 
i2 


i3 




6 l"r 


6 li 


fin 

lm 




J2 


J3 




6 2i 


6 2A 


2m 






6 k3 




5 3i 


6 3*. 


3m 



-3^4|f e the determ i n ant of the product of two square 
^matrices equals the product of the ^determinants , we can 
find- the product in Equation (6. 4) "by performing a matrix 
\ multiplication . Since 



\ 



• + 6 i2 6 2i + 6 i3 6 3i " 3 

by Equation (S.lJ)^ and sinj|* we irfay apply Equation (<5JL0>) 
>to arbitrary but fixed indues, we have ^ * 



A . ijk i£m 



3 o\ 0 6. 

l*. im 

6 . . . 6 . rt 6 . 

Ji j£ jm 

6 ki . * 6 kA . 6 km 
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Expanding this .determinant and simplifying (see Exercise 
jlO), we obtain the desired Equation (6.3). 



Exercises 

10. ^Expand the determinant in Equation (6.5), and simplify using 

Equations (2.7) and (5.10), to obtain the right-hand side of 
Equation (6.30." . • 

11. For the following sets of valves of j,k,£,m, verify Equation 
(6.3) by direct ^substitution; 



a. 1,1,2,3; 

b. -1,2,1,2; 
c .^,3,2,1; 
d. 1,1,1,1/ 



12, Prove that for k,m = 1,2,3 we hive £ e =26 

* ijk ijm km/ 



7. • IDENTITIES 



ITIE*S I^K^E 



ECTOR ALGEBRA 



We first apply Equation (6.1)' to prove a jfell-knoipi 
identity for scalar triple products. Study the proof 
carefully!" Remember, the use of the Levi-Civita tensor 
in proving identities is the main theme of this module. 
The identity we prove is: 







'<% 


/ 3 










C) = 


B l 




. B 3 




c l 


C 2 


C 3 
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Proof: 







6 il 6 i2 


6 i3 


♦ i j k 




6 J3 




- • 




6 *3 




Vii 


A i 6 i2 A i 6 i3 










Vkl 


C k 6 k2 C k 6 k3 




A l 


A 2 ' A 3 






B l 


B 2 B -3 






<1 ' 


c 2 c 3 





(Equation (5.12)) 



(Equation (6.1)) 



CMultiplicalion of 
determinants by 
constants) 



A 

(Equation (5.7), 
applied also to 
A i and C k *) 



As a corollary of the proof, we obtain a formula for 
*a 3 x 3 determinant in terms of the Levi-Civita tensor; 



A l A 2 A 3 



B r..-*2 % ' B 3 



\ 



* A.B.C,e . .> 
1 3 lrijk* 



$ Equation (6. 3),' &*the key, formula in provM^faTTy 5 
identities.. We illuVfr.a* teethe utility of this equation 
by proving the following well-known identity for vector 
tripie products r* * < * \ 

(7.3) ^AxCBxC),« CA-C)B - (A-B)C- 



8 
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• w 


We show that the ith components of both sides of Equation (7.3) 


• agree: * • 


t 


+ + +. . * 

[Ax(BxC)] i = e kij e k£m AjVm Equations (5.13) and <J*A)) , 


= (6 U 6 jm ~ 6 i ffl y A jV." 


(Equation (,6.3.)) 

<> 


= A.C.B, - A.B.C, 
j 3 i 3 3 i 


* • 
, ' (Sum over Z and m) 

% • % ^ 


, ' ' - (A-C)B i ^- CA-B)C 1 . 


(Equatiqn (2*5)) ■ 


Since the corresponjling components agree, 


the vectors- on both. 


sides of Equation (7.3) must be equal. 





Exercises ' 
13. Prove the vector identity;* 

(Axb)-(Cxd) » (A-C)*(B-D) - (A-D)(B-C). 



8. IDENTITIES IN VECTOh FIELDS * 



First, we shall introduce some useful notation. For 

coordinate variables we shall use x^x^x^, instead of 

x,y,z. Eor example, a function u- will be denoted by 

,u(x^,x 2 ,x 3 ) , and the partial derivative with respect to 

the first variable x. by 8u/8x. . In addition, the dif- 

ferential operator d/dx. will be denoted by 8.. For 

. <? * i ' l 

example, if we have three functions u^u^u^ then we. 

shall use- 8 2 u 3 to denote 3u 3 /8x 2 . In this no'tational- 

system, the curl.^ a vector -field u = ^e. is given by 



'(8,1) 
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The* ith component of V x u is given by 
(Compare with Equation (5.11)!) / 



. Exercises * 

14. 'With 7 defined, as Usual; by = v(V«, show that V 2 = 3 3 . 

> i i 

We sh4ll prove several vector field 'identities thatf 
are used extensively in* applications. For vector fields 
u,v we have • 

i* • 
(8.3^ V-(ux^) = J.(vx5) - u-(Vx^); r m 

'(8.4) *Vx (vxj) . v(V.S) - V 2 5; ^ 

(8.5).. * v* (V x u) = 0/ ; ' 

^udy these proofs care^ly-th^y are ipportan*. in 
reaching our main objectives..- k " I 



Zroof of Equation (8.3):; * *>.<^ ' ' 

- v 3 ^ + «« k v r iV ' '.''';* 

" ;^ >< " ) k V k.-" :u j (Vx ^ J . *i (Equation *f.2)) 



Proof of Equation (8.4): * v 

[7 . x(7?< ' :)1 i',Vj ( w^' : 



, (Equation (8.2),1 
applied* twice) 



•Equation (8.4) now follows, since corresponding components from 



both. sides agree. 



• • 

Proof of 'Equation (8.5): 








^ =e ijk 3 iVk 


* • 






/ • 6 jik 3 i 3 A 


(Rename ^the dummy ' indi&es* i,j.) 






w - = -V-(Vxu).. 


r 


Hence, " * 




V - . + 
\ V-(Vx u ) a o. 




4 





Exercises 

' • „ a 

'15. Prove ,the vector field identity 



> Vx (<fm) = <j>(Vx£) + (v<j)) 
'func 



where ♦ is a scalar function of' x, , x x 



9/ THE LEVI-CIVITA TENSOR iN FOUR DIMENSIONS 



We conclude our study* with a brief indication of the 
extension of the Levi-Civita tensor "to four dimensions. 
^ The* 'definition of, the "four-dimensional Levi-Civita 
tensor" is straightforward: for a,6,y 9 % T = 1,2,3*Y, the 
tensor component is * . ^ 



(9.1) 
[1^ i< 



0, if two or' more of the indices. are equal; 
e dByT * * 1 *. if a& YT. is an # even permutation of {1,2,3,4};. 

-1, i? a3yr is an odd permutation of {l,2,3',4}. 

(It is^ customary, to use Greek letters-as indices^for 
four-dimensional quantities.) 



Exercises , * 

16. Use Equation (9.1) to find: 

a * £ 2143 ; * 
^ h ' £ 3142 ; 
C * £ 432r 



17. Show that the four-dimensional Levi-Civita tensor may be 
expressed in determinant form, as follows: \ 



S 



6 al 


V 2 


. 6 a3 


6 «4 




. 4 ■ 






Vi 








6 T1 


V 


6 T3 





. (You may wish to review the discussion immediately following 
• Equation v (6,l)l) * ' 

18* Establish the following, relations: * ' 

' ' . WW " Vvy V6 K eV 6 va + 
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s " d "- WW" 2 *- : 



We close with an indication of how to extend the 

definition o£ the vector product to four dimensions." For 

* *t * * ■+ 

vectors A, R| C, the "vector product" is the vector D 

which is given by: 



C9-2) D = AB ft Ce a f , 
■* •+ * -+■ -+■ 

where f ^ , f 2 , f 3> f^ .are the usual basis vectors, and^ 
the appropriate range of summation^ for repeated indices 
is from 1 to,4. • ; 



' Exereises • 

19. Show that the vector D in Equation (9.2) is orthogonal' to A, 
i.e., show that AD = 0. 



10. MODEL EXAM 

"Use the Levi-Civita tensor technique in solving .the 
"following problems'". ' 

* * 

'1. Prove the vector identities: 

a. A' (B x^C) = (AxB^C; . *. 

b. (A x B) x c (A*C)B (B-C)A., ' *< 

2^ Prove the vector field identities: 
al V x - 0; 

b. # Vx(Sxv") = fV*v)u - (V>.u)v"V ($'V)u - (u*V)v. 



IS 
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\ " 11. ANSWERS AND SOLUTIONS TO EXERCISE S-? 

\ . - • ; 

1. Use Equation (2.3): 



ij 



(i.e., the definition is symmetric in i and j). 



a. * B^ n + B 2 6 12 + B 3 6 13 - B^l + B^O + B^- and a 





0, lfjili 




lo, if i i 3 




1. if '3 - i 


N 





Similar calculation applies for i » 2,3. > 
3 3" 3,3 - , ' 



3. a. ' Odd 



I A I W.* I - I A B 6 
.»! X J-1 J lj i«r j-1 1 j ij 

; 5.exe 




There are 5 intersections; this^scheme 
also shows the permutation odd. 



V e 2 



7 e e 
1 12k e k 



the remaining parts are simii^r 



5,. If ijk is an even permutation of {1,2,3}, then kij and jki are- 
also even," and ikj , kji and jifc are all odd; hence in this 
case ve.have^all terms equal to Tin (4.4) and -1 in (4,5). 

. 4 If ijk isxjdd, then each term in (4.4) equals l and each in 
(4.5) equals -1. * 

6. A*B - -13^ + 7e 2 + 11^." 

* # ? Vil - Vll + - A 2 6 21 + A 3 6 31 = V and the r es « lc ^ 
similar for j » 2,3. 



.24 
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• Equation (5.7) can be obtained in a similar way 

\ * N 

' 6 lj 6 jl " «U*U + 6 12 6 21 + 6 13 6 31 " !• * 

Vji " Vll + 6 22 6 22 + 6 33 6 33 =„ 3 
(all other terms equal zero^ . 

• " 1 » 38 already shown; 

6 11 6 12 + 6 12 6 22 + 6 13 6 32 " °' and \ 2 " - 0; • ' 
the remaining cases are similar. " 

By Equation- (5.5), with A replaced by B, B by C, k b* i, i.by'j, 
j by k, we 'have . - 

Now apply Equation (4.4). - , 

a. Apply Equations (5.1) and (5.11). 

b. , Apply Equation (5,5) twice (with appropriate replacements' 

for A,fr andyhe indj&es) . 



4 



Expand the determinant. to obtain 4 

3 <Vkm " " ( Vji'i^ 6 J.W - (6 iVki 6 lm^k^i 6 ^ 

Now apply Equation (5.10). 

Both sides of Equation (6.3) reduce to the values? . 



(A-.O(B-D) - (A-D)(B-C). 



14. 



- 8 i C7« i - ^O*)^*^^)*, from which it follows 



that V 2 - 3* » 



15. t»«i^ 1 --.« ;l J k aj<ffe^ ' 



16". 



j t - - rw«)j t tJ(V4.)5<J]j. 

The oVisired result follows, since the itb coordinates of both 
sides* agree. 



If -toy twcf -Indices arejequal, theu two rows, of the determinant 
ar *^ktlcal r hence in this, case bpth Next, 



1234. . 



r a o ;q 
o v i , 6 .0 
p; o l o 



0 V 



^and an even permutation of 123fi corresponds^ to an even permute- • 
~ z $* the roW^^whlch.'yieias +l on J>oth sides', in this case* 
, ^S^larly^an* odd ; permutation of' 1234 leads .to -1 on $otti 'sides. 
/Hence ecjiiallty, is obtained in all casesv / V ' }* '< . 2 X 



•ERIC -*iT"-;~' . v 



' 6 K1 6 K2 ' 6 rf*;*rt 

• 6 U1 V 6 p 3 6 p4 

6 vl 6 v2^ 6 v3- 5 \)4 

6 A1 ' 6 A2 4X3 6 A4 



6 ia v: a w 6 1A 

6 2a ^6 6 2y 6 2A 

V 6 36 6 3 Y 6 3A 

6 4a 6 4& 6 4y «4A 





6- 
Ka 


6 K6 


6 

ky 


" 6 KA 








< 


6 

pa 




6* 
W 


6 PA 






• 


* * \ 


6 va 






JvA 






4 


% ~. ^ 




V 


6 AY 










f 






6 <Y 


1 




6 k B 


6 KA 


? - 4 


6. 
pa 






•* Ay 




6 PB 


6 PA 




' 6 va 


6 v 6 


V 




6^- ^ - 
va 4 _ 


• 6 vB 


6 VA 



, °-A3 


to ' 


V 








6 KA 


6- • 
pa 


6 PY 


& ^ 




6 pB',?^UY. 






V 




6 vA 




6 ve 6 vy 


6 VA 



The. second » term ^xpands to : 



Ka k3 ■ Ky 
5 va ^vB ^vy 



S' 



Thus^the first two terms of the expansion reduce 'to: 



;\ 19. 





> 


• 






6 








6 va 


<3 





the last two terms also«reduce to the negative of the same * 
determinant, an4 the indicated subtraction yields the 
desired result. 

b. Usethe result of part a,, taking care to sum correctly, 
to obtain: 

WW - (46 m 6 u6 + Wpa + 6 „aV • ■ 



c. Jjse the result of "^art b: 

d. Use the result of part c: 

• WW" 6,4 *' 24 - 



A-D - A x D T . 



icct 



This form can be recognized immediately as the expansion of 
the- de terminant 



4 A 2 *3 A 



C l C 2**. d 3 C 4 



along .the second- row'. The determinant is zero, since, two -row's 



are 



I. 
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*2. ANSWERS TO MODEL EXAM 



A'(Bxc) - A (Bxc) » A 4 (B,Ce f ) 
1 i i j k ijk 

= (A i B j e ijk )C k " (AxS) k C k = AxJ.?. 
[(AXB) xc] k = (AxB) i C j e ijk 



= (A-C)B k - (B'C)A k 



13 [(A'C)B - (B«C)A] k 



Thus, (Axb) x* C ^ (A:C)B - (B'C)A. 



CV-V*) 1 - e ijk 3 j( V« k - Since s ijk « , , 

and since 3^ « 3 fc 3 jf we see that for ever^ ^nonzero term 
in the sum, the negative of that "term also appears. ' Hence 
the sum is zero. 

[V^(^xv)]; « e. 4t 3*(e i0 » v ) 
i ijk j v k£m & m' 

.■ = (6 iA 6 j»- 6 i»f^ ( ^V» + v »W 

= ft;v)u ± - (V.U) Vi + (v-V) Ui -'<«•¥)▼, • ' 

after the indicated sums are "per formed*. -Since correspond- 
ing coordinates agree, the two sides of the desired 
equation must be equal. , 



STUDENT FORM 1 
Request for Help 



Return to:.' . 
EDC/UMAJP - 
55 Chapel St. 
Newton, MA 02160 



Student: If #ou have trouble with a specific part of this unit, please fill 
put this form and take it to your instructor for assistance. The information ' 
ybu give *ill help the author to revise the unit. 



Your Name 



Page 

0 Upper 
£)Middle 




Section 


* 


OR 


Paragraph 


OR 


0 Lower ^ 









Description of Difficulty: (Please be specific) 



U niyfr No. 



Model Exam 
Problem No. 

Text 
Problem No. 



Instructor : Please indicate your resolution of the difficulty in this tox. 
'(^^ Corrected errors in materials. List corrections here: 




.o 



Gave student better explanation, example, or ^procedure than in unit. 
Give brief ^outline ~of„ your "addition here: > ' 



o 



Assisted student in acquiring general learning and problem-solving 
skills (not using examples from this. unit.) & 



\ 
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X: 



ERIC ' 



Instructor's SignatU£,e_ 



- Please -use reverse \if necessary* 



Return to: ^ 
STUDENT FORM 2 ' EDC/UMAP 



Unit Questionnaire 

Name Unit No, Date 

, t - — - w i ■ — 

Institution Course No. 



55 Chapel St. 
• Newton, MA 02160 



Check the choice for each question that comes closest to your personal opinion. 

1. Hov useful was the amount of detail in the unit ? 

Not enough detail to understand the unit 

Unit wouicf fiave been clearer with more detail ' 

Appropriate amount of detail m ? 

Unit was occasibnally too detailed, but this was not distracting 



JToo much detail; .1 was often distracted • * + 



,2. How helpful were the problem "answers ? 

Sample solutions ^were too brief; 1 could. not do the intermediate steps 

Sufficient information was given to solve the problems 

- Sample solutions were too detailed; 1 didn't need them 



3. Except for fulfilling -the* prerequisites, how much did you use other sources- (for 
example, instructor, friends » or other books) in order to understand the unit? 

A Lot Somewhat A Little Not at all 

- ' • /* > • . " " 

4. How long was this unity in comparison to the amount of time you generally spend on 

a'lesson (lecture and homework -assignment) in a typical math or science course? 

Much > Somewhat About Somewhat Much* 
[Longer Longer the Same Shorter ^ Shorter 



5. Were any of the following , par tg-"3f-fche- unit confuting or distracting ? (Check 
as many as apply.) m . 



^Prerequisites 

^Statement of skills and concepts (objectives) 
^Paragraph headings s 
Examples- 



^Special Asaiataace^Supplement j(if_presentl_. 



\ Otfher , please explain^ 



6 # Were any .of the' following parts of the uni£*particularly helpful? (Check as many 
as apply.) # 

- . P rerequisites * • 

^_ Statement of skills and concepts (objectives) 



* Examples 



j Problems 

Paragraph headings 
Table of Contents * 
•Special Assistance Supplement (if present) 



Other, please explain^ 



Please describe anything in the unit tha& you did not- particularly like. 



Please* describe anything that you. .found particularly helpful. (Please use fhe back of 
this sheet, if you need more\pace.) ♦ ° , 



